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Abstract
We give a classi-cation of countable ultrahomogeneous antimatroids of convex dimension 2.
Our proof relies on a unique realization result for -nite antimatroids of convex dimension 2.
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1. Preliminaries
We -rst mention some basic de-nitions, referring the reader to [1,2] for further
details.
Closure systems: A closure system on the ground nonempty set X is a pair (X;L)
where L is a collection of subsets of X satisfying:
(C1) ∅; X ∈L;
(C2) ∀C ⊂L
⋂
C∈L
(we make the convention that
⋂ ∅= X ).
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We can alternatively think of L as being a closure operator. That is, for any subset
A of X , we de-ne the closure of A to be
L(A) =
⋂
{B∈L |B ⊃ A}:
A closure system is said to be of 0nite character iH
for any A ⊂ X L(A) =
⋃
{L(B) |B is a -nite subset of A}:
It is trivial that for closure systems of -nite character, the union of any chain of closed
sets is again a closed set.
Antimatroids: A closure system of -nite character is called an antimatroid if the
following anti-exchange property is satis-ed
for any A∈L and for any distinct x; y∈X \ A;
if y∈L(A ∪ {x}); then x ∈L(A ∪ {y}):
Antimatroids are also known as convex geometries (e.g. in [2]).
Let 6 be a partial order on the set X . For any A ⊂ X , de-ne D6(A) = {x∈X | ∃y
∈A x6y}. Then (X;D6) is an antimatroid. (X;D6) is said to be the antimatroid
associated with the ordering 6.
Compatible orderings: Let (X;L) be a closure system. A compatible ordering of
(X;L) is a total ordering of the ground set X such that D6 ⊂L.
For closure systems of -nite character, it suJces to require that for any x∈X ,
{y∈X |y6 x}∈L.
The set of compatible orderings of (X;L) will be denoted Comp(L).
Joins: Given a family (X;Li)i∈I of closure systems on the same set X , we de-ne
its join, denoted (X;
∨
i∈ILi), as
for all A ⊂ X;
(∨
i∈I
Li
)
(A) =
⋂
{Li(A) | i∈ I}:
Realizations: It is shown in [2] that the following property holds for -nite antima-
troids:
(X;L) =
(
X;
∨
6∈Comp(L)D6
)
:
Wahl [6] proved that this is true for all antimatroids.
Let (X;L) be an antimatroid. A subset C of Comp(L) is said to realize (X;L) if
(X;L) = (X;
∨
6∈C D6).
Convex dimension: The convex dimension of (X;L) is the minimum number of
compatible orderings needed to realize (X;L). It is denoted cdim(X;L).
In Section 2, we study some simple properties of antimatroids that are not asso-
ciated with an ordering. Section 3 is devoted to an uniqueness realization result for
-nite antimatroids of convex dimension 2. Finally, after establishing some basic facts
(in Section 4), we give (in Section 5) a complete classi-cation of countable ultraho-
mogeneous antimatroids of cdim 2.
The notation Kx; Ka, etc. will be used for sequences (x1; x2; : : :), (a1; a2; : : :), etc.
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2. Disorder and Caratheodory number
We begin with some basic facts.
Denition. Given an antimatroid (X;L) and a subset A of X , we may construct an
antimatroid on A, denoted (A;L|A); by de-ning L|A as L|A={Y∩A |Y ∈L}. (A;L|A)
will be called the substructure of (X;L) on A.
An antimatroid (X;L) is said to be disordered whenever
∃A; B∈L A ∪ B ∈L:
The following result is an easy consequence of a straightforward generalization of
Theorem 3.2 in [2].
Proposition 1. Let (X;L) be an antimatroid. Then, (X;L) is disordered if and only
if there is no order 6 on X such that (X;L) = (X;D6).
Because of the -nite character property of antimatroids, the following proposition
holds.
Proposition 2. Let (X;L) be an antimatroid. Then, (X;L) is disordered if and only
if there exists a 0nite subset A of X such that (A;L|A) is disordered.
The following examples will turn out to be the most signi-cant.
Examples. For any positive integer n¿ 2, we de-ne the antimatroid En=(En;Mn) by
En = {1; 2; : : : ; n}; Mn = (P{1; 2; : : : ; n}) \ {{1; 2; : : : ; n− 1}}:
It is straightforward that all En’s are disordered.
En is easy to understand geometrically as the vertices of an (n−2)-simplex together
with an interior point.
Denition. Let (X;L) be an antimatroid. The Carath9eodory number of (X;L), de-
noted by car(X;L), is the smallest cardinality c such that
for all A ⊂ X; L(A) =
⋃
{L(B) |B ⊂ A and |B|6 c}:
Because of Proposition 1, the antimatroids of car 1 are exactly the ordered antima-
troids.
Now, we want to relate the Carath%eodory number to the En’s.
Lemma 3. Let (X;L) be a 0nite antimatroid of cardinality n¿ 3. Then, there exists
x∈X such that:
(a) L(X − x) = X
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and
(b) for all Y ( X − x; x ∈L(Y )
if and only if (X;L) ∼= En.
Proof. All (n − 2) subsets of X − x are closed by (a) and (b). Therefore, all proper
subsets of X − x are closed (any intersection of closed subsets is closed). Let y be
any element in X − x. X − y is closed for otherwise, y∈L((X − x− y) + x) and (by
the anti-exchange property), x ∈L(X − x), which contradicts (a).
Theorem 4. The antimatroid (X;L) is of 0nite Carath9eodory number d¿ 2 if and
only if d is the greatest positive integer c such that Ec+1 is embeddable in (X;L).
Proof. If (X;L) is of -nite Carath%eodory number d¿ 2, then there exists x1; : : : ; xd;
y∈X such that y∈L({ Kx}) and for all Y ( { Kx}, y ∈L(Y ). By the previous lemma,
({ Kx; y};L|{ Kx;y}) ∼= Ed+1.
As car(Ec+1) = c, no Ec+1 is embeddable in (X;L) for c¿d.
Conversely, we de-ne Td(Y )=
⋃{L(Z) |Z ⊂ Y and |Z |6d}. Trivially, Td(Y ) ⊂
L(Y ).
Assume that there exists x∈L(Y ) \Td(Y ) and, let m¿d be the least positive
integer such that x∈L({ Ky}) for some y1; : : : ; ym ∈Y . Then ({ Ky; x};L|{ Ky;x}) ∼= Em+1,
a contradiction.
As an immediate corollary, we obtain the known result [4, Theorem 4.9]:
Theorem 5. Let (X;L) be an antimatroid. Then (X;L) is disordered i: En is em-
beddable in (X;L) for some n¿ 2.
3. A unique realization result
We need to introduce an antimatroid construction.
Denition. Let (X1;L1) and (X2;L2) be antimatroids on disjoint sets. We de-ne the
antimatroid (X;L), called the superposition of (X2;L2) on (X1;L1) by saying that
X = X1 ∪ X2
for all Y ⊂ X; L(Y ) =
{
L1(Y ) if Y ⊂ X1;
X1 ∪L2(Y ∩ X2) otherwise:
An antimatroid is said to be a block if it is not the result of a superposition.
Theorem 6. Let (X;L) be a 0nite block of cdim 2. Then, there is a unique
2-ordering realization of (X;L).
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Proof. Let n be the cardinality of X . Suppose that
R= {6a ;6b} and R′ = {6c ;6d}
are two realizations of (X;L).
We list the elements in X according to the above orderings:
an ¡a an−1¡a · · ·¡a a2¡a a1;
bn ¡b bn−1¡b · · ·¡b b2¡b b1;
cn ¡c cn−1¡c · · ·¡c c2¡c c1;
dn ¡d dn−1¡d · · ·¡d d2¡d d1;
a1 = b1 and c1 = d1 for (X;L) is a block. X contains exactly two closed subsets of
cardinality n− 1 thus {a1; b1}= {c1; d1}. We may assume that a1 = c1 and b1 = d1.
Suppose that for all j6 i; aj = cj. We want to show that ai+1 = ci+1. If ai+1 = ci+1,
then we have
ci+1¡a ai+1 and ai+1¡c ci+1
and
ai+1¡b ci+1¡b b1 and ci+1¡d ai+1¡d d1 = b1:
This is easy to check. For example, ai+1 = b1 = ci+1 because the level of b1 for 6a
must be the same as its level for 6c (both are equal to the cardinality of L({b1}) ).
• We -rst claim that ai+1¡a b1. Otherwise, b1¡c ci+1 and R requires ci+1 ∈
L({ai+1; b1}) while R′ requires ci+1 ∈L({ai+1; b1}), a contradiction.
• We claim next that b1¡a ai+1. Otherwise, remembering that (X;L) is a block, we
need to consider two cases.
Case 1: There exists x∈{a1; : : : ; ai} such that x¡b ai+1. This implies that ai+1 ∈
L({x}) thus x¡d ai+1. Then, we have
ci+1¡a ai+1¡a x;
x¡b ai+1¡b ci+1;
ai+1¡c ci+1¡c x;
ci+1; x¡d ai+1:
Hence, according to R; ci+1 ∈L({ai+1; x}) while according to R′; ci+1 ∈L({ai+1; x}),
a contradiction.
Case 2: For all j6 i; a¡b aj. Then, there are x∈X and a∈{a1 : : : ai} such that
x¡a ai+1 and ai+1¡b a¡b x (because (X;L) is a block). Note that ci+1 cannot play
the part of x. As ai+1 ∈L({aj}) for all j6 i, we have ci+1¡d ai+1¡d aj. Since
ci+1 ∈L({a˜}), ci+1¡b a¡b x.
According to R, ci+1 ∈L({x; ai+1}) while R′ requires ci+1 ∈ L({x; ai+1}), a
contradiction.
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This shows that ai+1 = ci+1, as claimed. 6a =6c follows by induction. Thus we
have 6b =6d and so R= R′.
Remark. It is not diJcult to check that any -nite antimatroid can be build up from
blocks in a unique manner. Therefore, by de-ning equivalent realizations in an obvious
way, it is easy to see that all 2-ordering realizations of any -nite antimatroid of cdim
2 are equivalent.
4. Ultrahomogeneity
A study of ultrahomogeneous structures in a general setting may be found in
[3, Chapter 6]. We only recall some de-nitions and basic facts relevant to our dis-
cussion.
Ultrahomogeneity: An antimatroid (X;L) is ultrahomogeneous if any isomorphism
between -nite substructures of (X;L) extends to an automorphism of (X;L).
Age: The age of an antimatroid is the set of all its -nite substructures.
The following theorems are results from mathematical logic.
Isomorphism theorem. Any two countable ultrahomogeneous antimatroids with the
same age are isomorphic.
Amalgamation theorem. Let (X;L) be a countable ultrahomogeneous antimatroid
and K its age. If B1;B2 in K have isomorphic substructures A, then they may
be embedded in a larger substructure C∈K so that the isomorphic substructures
coincide.
C is said amalgamate B and C over A.
The countable ultrahomogeneous partial orderings were classi-ed by Schmerl in [5].
His results apply to antimatroids because of the following proposition:
Proposition 7. Let (X;6) be a partially ordered set. Then, (X;6) is ultrahomoge-
neous if and only if the associated antimatroid (X;D6) is ultrahomogeneous.
Proof. This is because the partial order relation may be recovered from the closure
operation.
One more de-nition is required in order to state the next result.
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Denition. We say that an antimatroid (X;L) is atomic if for any x∈X; {x} belongs
to L.
Theorem 8. Given (X;L) a countable nonatomic ultrahomogeneous antimatroid
(X;L) and a in X, let Y = L({a}) − a and M = L|Y . Then (Y;M) is isomor-
phic to (X;L) or to the antimatroid (Q;D6us ) associated with the rationals ordered
by the usual ordering.
Proof. First we show that (Y;M) is ultrahomogeneous.
Let f : (A;L|A) → (B;L|B) be an isomorphism between -nite substructures of
(Y;M). Then, we de-ne the mapping f˜ from A+ a into Y by
f˜(x) =
{
f(x) if x∈A;
a if x = a:
Trivially, f˜ is an isomorphism between -nite substructures of (X;L). Let F be an
automorphism of (X;L) extending f˜. F |Y is an automorphism of (Y;M) extending f.
Next we examine two cases.
Case 1: Suppose that (X;L) satis-es
∀x; y ∃z x; y∈L({z}): (1)
Because of the ultrahomogeneity of (X;L), it veri-es
∀x; y ∃z = x; y x; y∈L({z}):
It follows that age(X;L) ⊂ age(Y;M).
By the isomorphism theorem, we obtain (X;L) ∼= (Y;M).
Case 2: Suppose that (1) does not hold. Then,
∀x; y [x ∈L({y}) and y ∈L({x})]⇒ @z x; y∈L({z})
holds in (X;L) and
∀x; y [x∈M({y}) or y∈M({x})]
holds in (Y;M).
This means that (Y;M) ∼= (Q; D6us ).
Notation. Rn will denote the antimatroid over {1; : : : ; n} whose closed sets are exactly
the empty set and all subsets in the form
{i; i + 1; : : : ; j − 1; j} (16 i6 j6 n):
Let a1; : : : ; an be distinct elements. Rn(a1; : : : ; an) is the antimatroid over {a1; : : : ; an}
isomorphic to Rn under the isomorphism i → ai.
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Theorem 9. Let (X;L) be any ultrahomogeneous antimatroid. If (X;L) contains R3
(as a substructure), then it contains all Rn’s.
Proof. By induction. We may assume that the set {0; 1; : : : ; n} ⊂ X and that the
substructure ({0; 1; : : : ; n};M) amalgamates Rn(0; 1; : : : ; n− 1) and Rn(1; 2; : : : ; n) over
{1; : : : ; n− 1}.
We want to show that ({0; 1; : : : ; n};M) ∼= Rn+1.
It is clear that 0 and n − 1 are the extreme points of Rn(0; 1; : : : ; n − 1) while
1 and n are the extreme points of Rn(1; 2; : : : ; n). Hence, 0 and n are the extreme
points of ({0; 1; : : : ; n};M). Therefore, all closed subsets of either Rn(0; 1; : : : ; n − 1)
or Rn(1; 2; : : : ; n) are in M. In other words, all closed subsets of Rn+1(0; 1; : : : ; n)
are in M.
To prove the converse inclusion, suppose that M contains some closed set in the
form
F = {i; i + 1 : : : ; j} \ {i1; : : : ; ip}
where
06 i¡ i1¡ · · ·¡ip¡j6 n and p¿ 1:
If i¿ 0, then F should be closed in Rn(1; : : : ; n), a contradiction.
If j¡n, then F should be closed in Rn(0; : : : ; n− 1), a contradiction again.
If i = 0 and j = n, then M({0; n}) ⊂ F . Hence, 0 and n would not be the only
extreme points of ({0; : : : ; n};M).
Finite ultrahomogeneous antimatroids are of no interest. They are the discrete -nite
antimatroids (all subsets are closed).
We need some notation in order to describe more interesting examples.
Notation. Let C be the antimatroid over the rationals whose closed subsets are all
subsets A such that
(p; q∈A and p6 r6 q)⇒ r ∈A:
It is easy to check that {6 ;¿} is a realization of C. The age of C is the set of all
Rn’s.
Let Q be the antimatroid associated with the rationals ordered by the usual ordering:
• We denote by Q×C the antimatroid on Q×Q whose closed subsets are all subsets
such that
((p; q)∈A and s¡p)⇒ ∀t (s; t)∈A
and
((p; q)∈A and (p; t)∈A and q¡s¡ t)⇒ (p; s)∈A:
• We denote by C×Q the antimatroid on Q×Q whose closed subsets are all subsets
such that
((p; q)∈A and (t; u)∈A and p¡r¡ t)⇒ ∀s (r; s)∈A
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and
((p; q)∈A and r ¡q)⇒ (p; r)∈A:
The next proposition is straightforward.
Proposition 10. C;Q × C and C × Q are countable ultrahomogeneous disordered
antimatroids.
In fact, C;Q × C and C × Q are the only countable ultrahomogeneous disordered
antimatroids of cdim 2. This will be proved in the next section.
5. Ultrahomogeneous antimatroids of cdim 2
In this section, we shall classify all countable ultrahomogeneous antimatroids of cdim
2.
Because of Proposition 7 and Schmerl’s results, it suJces to classify all countable
disordered ultrahomogeneous antimatroids of cdim 2.
First, we consider atomic antimatroids.
Theorem 11. Let (X;L) be a countable atomic ultrahomogeneous antimatroid of
cdim 2. Then, (X;L) is isomorphic to C.
Proof. It is easy to check that any -nite substructure of (X;L) is isomorphic to some
Rn. Therefore, by the isomorphism theorem, (X;L) must be isomorphic to C.
The characterization of nonatomic ultrahomogeneous antimatroids involves a lot of
amalgamation work in order to prove the following lemmas.
We shall often use realizations to de-ne -nite antimatroids. Total orderings will be
represented by writing y above x iH y¿x. Thus,
1 4
2 3
3 2
4 1
is R4(1; 2; 3; 4):
We de-ne the antimatroids (A), (B) and (C) by the following realizations:
1 1
2 3
3 2
(A)
1 2
2 1
3 3
(B)
1 3
2 1
3 2
(C)
122 G. Duby /Discrete Mathematics 269 (2003) 113–125
Lemma 12. Let (X;L) be an nonatomic ultrahomogeneous antimatroid of cdim 2. If
(C) is not embeddable in (X;L), then (A) and (B) are so.
Proof. Let K= age(X;L). Both
1 1
2 2
and
2 3
3 2
are in K;
because (X;L) is nonatomic of cdim 2.
Now K has the amalgamation property. Since (C) ∈K, it follows that (A) ∈K.
Similarly (B) ∈K.
We shall use the following notation to simplify the writing of proofs.
Notation. Let (X1;L1); (X2;L2);Y1;Y2; : : : ;Yk be -nite antimatroids. Then,
(X1;L1) +amalg (X2;L2)→ Y1;Y2; : : : ;Yk
means that any amalgamation of (X1;L1) and (X2;L2) over X1 ∩ X2 provides an
antimatroid in which at least one of the Yi’s is embeddable.
Lemma 13. LetK be the age of an ultrahomogeneous antimatroid of cdim 2. If both
(A) and (C) are in K, then (B) is.
Proof. It is easily seen that
1 1
2 3
3 2
+amalg
1 4
2 1
4 2
→
4 1
1 2
3 4
2 3
(I)
;
4 1
1 2
3 3
2 4
(II)
;
4 1
1 3
2 2
3 4
(III)
;
(B) is embeddable in (I) and, (II) ∼= (III). Now,
4 1
1 2
3 3
2 4
+amalg
2 5
5 4
3 3
4 2
→
1 5
2 4
5 1
3 3
4 2
(IV)
and, (B) is embeddable in (IV).
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Lemma 14. LetK be the age of an ultrahomogeneous antimatroid of cdim 2. If both
(B) and (C) are in K, then (A) is.
Proof. Similar to the proof of the previous lemma.
Lemma 15. Let K be the age of an ultrahomogeneous antimatroid of cdim 2. If (A)
is in K, then (B) is.
Proof. First note that
1 1
2 3
3 2
+amalg
1 4
4 1
→
1 4
2 1
4 3
3 2
(I)
;
1 4
2 1
3 3
4 2
(II)
;
4 1
1 4
2 3
3 2
(III)
;
4 1
1 3
2 4
3 2
(IV)
;
4 1
1 3
2 2
3 4
(V)
;
(B) is embeddable in (I) , (III) and (IV), (C) is embeddable in (II) and (V) hence
(B) belongs to K by Lemma 13.
Lemma 16. Let K be the age of an ultrahomogeneous antimatroid of cdim 2. If (B)
is in K, then (A) is.
Proof. Similar to the proof of the previous lemma.
Lemma 17. LetK be the age of an ultrahomogeneous antimatroid of cdim 2. If both
(A) and (B) are in K, then (C) is not.
Proof. If (A) and (B) and (C) are in K, then so is
5 2
1 1
2 4
3 3
4 5
:
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Now let us try to amalgamate
5 2
1 1
2 4
3 3
4 5
+amalg
6 2
1 1
2 3
4 4
3 6
:
Theorem 6 shows that we cannot expect this to work in cdim 2.
Combining the previous lemmas, we obtain:
Proposition 18. Let K be the age of a nonatomic ultrahomogeneous antimatroid of
cdim 2. Then
either (A)∈K and (B)∈K and (C) ∈K
or (A) ∈K and (B) ∈K and (C)∈K:
Theorem 19. Let (X;L) be a countable disordered ultrahomogeneous antimatroid of
cdim 2. If (X;L) is nonatomic, then it is isomorphic to either Q× C or C × Q.
Proof. Let K=age(X;L): R3 belongs to K (by Theorem 5), and therefore, all Rn’s
are in K (by Theorem 9). We consider two cases (referring to Theorem 8):
• Case 1: ∀x∈X (L({x})− x;L|L({x})−x) ∼= (X;L).
Then, by Proposition 18, both (A) and (B) are in K while (C) is not. Any super-
position of Rn’s is in K because it has the amalgamation property. Since (C) does
not belong to K, we deduce that K= age(Q× C).
• Case 2: ∀x∈X (L({x})− x;L|L({x})−x) ∼= Q.
Then neither (A) nor (B) belongs to K, but (C) does. Any structure in K is either
a block or embeddable in Q.
In fact, there is a better way to express all this.
De-ne ‖ on X by
x‖y iH x∈L({y}) or y∈L({x}):
We only need to say that ‖ is an equivalence on X .
It easily follows that K= age(C × Q).
Open problem. No complete classi-cation of countable ultrahomogeneous antimatroids
is known in the convex dimension n case. Even the case of dimension 3 is still unset-
tled. We can, however, prove the following partial result.
Proposition 20. There are no atomic countable ultrahomogeneous disordered antima-
troids of convex dimension 3.
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